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Abstract 

In the present work we establish a quantization result for the angular part of the energy of solu- 
tions to elliptic linear systems of Schrodinger type with antisymmetric potentials in two dimension. 
This quantization is a consequence of uniform Lorentz-Wente type estimates in degenerating annuli. 
We derive from this angular quantization the full energy quantization for general critical points to 
functionals which are conformally invariant or also for pseudo-holomorphic curves on degenerating 
Riemann surfaces. 
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Introduction 

Conformal invariance is a fundamental property for many problems in physics and geometry. In the last 
decades it has become an important feature of many questions of non-linear analysis too. Elliptic confor- 
mally invariant lagrangians for instance share similar analysis behaviors : their Euler Lagrange equations 
are critical with respect to the function space naturally given by the lagrangian and, as a consequence. 
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solutions to these Euler Lagrange equations are subject to concentration compactness phenomena. Ques- 
tions such as the regularity of solutions or energy losses for sequences of solutions cannot be solved by 
robust general arguments in PDE but require instead a careful study of the interplay between the highest 
order part of the PDE and it's non-linearity. 

For example, in dimension 2, let (S, h) be a closed Riemann surface, it has been proved, see theorem 1.2 
of |Ri3j . that every critical point of a conformally invariant functional, u : E ^ M", solves a system of 
the forn0 

- Au = f7 • Vit on E, (1) 
where Q G so{n) (8) TT, and A is the negative Laplace-Beltrami operator —^^di{y/\h\h^^ dj) . The funda- 
mental fact here that has been observed in jRiSj and exploited in this work to obtain the Holder continuity 
of H/^^'^— solutions to ([1]) is the anti-symmetry of 51. 

The analysis developed in |Ri3| permitted to generalize to general 2-dimensional conformally invariant 
Lagrangians the use of integrability by compensation theory as it has been introduced originally by H.Wente 
in the framework of constant mean curvature immersions in solving the following CMC-system 

Au = 2ux A Uy on E. (2) 

Solutions to this CMC system are in fact critical points to the following conformally invariant lagrangian 

E{u) = -z j \du\\ dvolh + / u*uj 

where is a 2-forni in satisfying = 4 dxi A dx2 A dx^ . The natural space to consider the equation 
^ is clearly the Sobolev space W^'^. The CMC-system ^ is critical for W^'^ in the following sense : 
the r.h.s. of (0) is a-priori only in L^. Classical Calderon Zygmund theory tells us that derivatives of 
functions in A~^L^ are in the weak space locally which is "almost" the information we started from. 
Hence in a sense both the quadratic non-linearity for the gradient in the r.h.s of the system and the 
operator in the l.h.s. are at the same level from regularity point of view and it requires a more careful 
analysis in order to decide which one is leading the general dynamic of this system. 

H. Wente discovered the special role played by the jacobian in the r.h.s. of see [He) and references 
therein, and was able to prove that if u satisfies ([2]) then 

||Vu||2 < C||Vu||^ , (3) 

where C is independent on S and equalfH -y/S/lGTr . This inequality implies that if -^/S/lGTrH Vm|12 < 1 
then the solution is constant. This is what we call the Bootstrap Test and it is the key observation for 
proving Morrey estimates and deduce the Holder regularity of general solutions to ^ which bootstraps 
easily in order to establish that solutions to ^ are in fact C°° . 

Another analysis issue for this equation is to understand the behavior of sequences Uk of solutions to 
the CMC system Inequality tells us again that if the energy does not concentrate at a point then 
the system will behave locally like a linear system of the form Au — : the non-linearity lu^ A Uy in the 
r.h.s is dominated by the linear highest order term Au in the l.h.s. . As a consequence of this fact we 

-"^In coordinates this system reads 

Vi = 1 ■ • • n — An; = • Vnj on S 

j=i 

where the ■ operation is the scalar product between the gradient vector fields Vmj and the different entries of the vector 
valued antisymmetric matrix £7. 

^This later fact has been discovered later on by Y.Ge in I Gel, see also IHel . 
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deduce that sequences of solutions to ^ with uniformly bounded energy strongly converge in norm 
for any p S N, modulo extraction of a subsequence and possibly away from finitely many point^ in S, 
{^oo ■ ■ ■ ^oo} where the Vl^^^^— norm concentrates, towards a smooth limit that solves also ^ 

Uk—^u^ strongly in Cf„^(I]\{a;^---a'^}) Vp G N. 

The question remains to understand how the convergence at the concentration points fails to be 
strong, in other words we want to understand how and how much energy has been dissipated at the 
points a^. A careful analysis shows that the energy is lost by concentrating solution on of the CMC 
system ([2]), the so called bubbles, that converge to the : there exists points in S a], — and a 
familly of sequences of radii converging to zero such that 

uu{\\x + a\) — > a;*(x) strongly in Cf^^(M^ \ {finitely many points}) Vp G N. 

where denote the bubbles, solutions on of the CMC system Because of the nature of the 
convergence it is clear that the Dirichlet energy lost in the convergences amount at least to the sum of 
the Dirichlet energies of the bubbles : 

liminf / \duk\'i dvolh > / \duoo\'h dvolh +'y^ / |Vw'pdxida;2 (4) 

The question remains to understand if the inequality in (0]) is strict or is in fact an equality. This question 
for general conformally invariant problems is known as the energy quantization question : is the loss of 
energy only concentrated in the forming bubbles or is there any additional dissipation in the intermediate 
regions between the bubbles and shrinking at the limiting concentration points in the so called neck 
region. Since the work of Sacks and Uhlenbeck jSaU] where it has been maybe first considered, in the 
particular framework of minimizing harmonic maps from a Riemann surface into a manifold, this question 
has generated a special interest, intensive researches and several detailed results have been obtained in 



the last decades on the subject. We refer to jRi2] and reference therein for a survey on the energy 
quantization results. Positive results establishing energy quantization (i.e. the inequality in Q is in fact 
an equality) often make use of some special geometric objects such as isoperimetric inequality or the 
hopf differential , see for instance [Jo] or |Pa| . In |LR1] and |LR2| the second author in collaboration 
with F.H. Lin introduced a more functional analvsis type technique based on the use of the interpolation 
Lorentz spaces in order to prove energy quantization results in the special cases where the non-linearity 
of the conformally invariant PDE can be written as a linear combination of jacobians of VF^'^— functions. 
Using this technique we can for instance prove that equality holds in ^ : energy quantization holds 
for the CMC-system, the whole loss of energy exclusively arises in the bubbles. The main step in the 
proof consists in using an improvement of Wente inequality ([3]) which has been obtained by L.Tartar and 
R.Coifman, P.L. Lions, Y.Meyer and S.Semmes in jCLMSj . This improved Lorentz-Wente type inequality 
reads 

\\Vu\\L^.^<C\\Vu\\l , (5) 

where this time C depends a-priori on (E, h) and where L"^'^ denotes the Lorentz space "slightly" smaller 
than given by the space of measurable function / on E satisfying 



|{xel7s.t. |/(a;)| > A}|5dA < + 



oo 







The goal of the present paper is to extend energy quantization results to sequences of critical points to 
general conformally invariant lagrangians using functional analysis arguments in the style of |LR2' . 



'In our notations we can have some a* that coincide with another. 
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The constant in the inequaUty (O depends a-priori on the domain, at least on its conformal class 
since the equation is conformally invariant. But our neck regions connecting the bubbles are conformally 
equivalent to degenerating annuli. The first task of the present work is to prove different lemma which 
give some uniform estimates on the L^'^-norm of the gradient for solution to Wcnte type equations on 
degenerating annuli. This is the subject of section [2] 

In the following sections, we use these uniform estimates established in section [5] for proving various 
quantization phenomena. In particular we get the quantization of the angular part of the gradient for 
solution of general elliptic second order systems with anti-symmetric potentials. What we mean here by 
the angular part is the component of the gradient in the orthogonal of the radial direction with respect 
to the nearest point of concentration. Precisely the first main result in the present work is the following. 

Theorem 0.1. Let fi^ e L'^{Bi, so(7i) (g) M?) and let Uk G W^'^{Bi,W^) be a sequence of solutions of 

- Aufe = fifc • Vufc, (6) 



with bounded energy, i.e. 



{\Vuk\^ + \nkn dz<M. (7) 



Then there exists fioo G L^{Bi, so{n) (g) M^) and Uoo G M^^'^(-Bi, M") a solution of — Amoo — ^oo ■ Vmo 
on El, I eW and 

1. w^, . . . , oj' a family of solutions to system of the form 

-Aw* = Oj^ • Voj' on R2 

where f2j„ G L'^{R^, so{n) 

2. a^, . . . , a'j, a family of converging sequences of points of Bi, 

3. , . . . , AJ, a family of sequences of positive reals converging all to zero, 
such that, up to a subsequence, 

nk^n^o m Lf^^{Bi,so{n)(g)R'^), 
Uk Uoo on Wl^l{Bi \ {aj^, . . . , a'^}) for allp>\ 

and 

/ V life - Uoo - X! ^fe ' ) 0, 
where w| — oj'^{a\. + A^ . ) and Xk = V^dk with dk = min (A^ + d{a],, . )). 



Moreover, if we have ||il/c||oo = 0{1) or even just = 0(|Vufc|) hence the convergence to the limit 

loc 



solution is in fact in C]^^ for all i] e [0, 1[ 



The proof of theorem lO. II is established through the iteration of the following result. It says that, if 
the norm of the potential VI is below some threshold on every dyadic sub-annuli of a given annulus, 
the angular part of the Dirichlet energy of u on a slightly smaller annulus is controlled by the maximal 
contribution of the Dirichlet energy of u on the dyadic sub-annuli. Precisely we prove the following. 
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Theorem 0.2. There exists d > such that for all r,R € 

Br, so{n) (g> R") and u e W^'^{Br \ Br,W) satisfying 

-Au = n-Vu 



satisfying 2r < R for all ft £ L^(Bfj \ 



sup 



ini^dz < s. 



r<p<§ JB2p\Bp 

Then there exists C > 0, independent of u, r and R, such that 



Idu 
])d0 



L^[BR\B2r 



< C\\\/U\\2 



sup 

r<P<i 



B2p\Bp 



1/2 



Thanks to the quantization of the angular part for general elliptic systems with anti-symmetric po- 
tential, we can derive the energy quantization for critical points to an arbitrary continuously conformally 
invariant elliptic Lagrangian with quadratic growth. 

Theorem 0.3. Let he a suhmanifold ofW^ and lj be a 2-form on N'^ such that the L°° -norm 
of du! is bounded on N'' . Let Uk be a sequence of critical points in W^'^{Bi, N^) for the Lagrangian 



Bi 



\\Vu\'^ + u){u){ux.,Uy)\ dz 



(8) 



F{u) 

with uniformly hounded energy, i.e. 

WVukh < M. 

Then there exists A e C°{TN'SiR'^,so{n)<»R'^) andu^o e W^^'^{Bi,W) a solution of-Au = A(u, Vu)-Vu 
on Bi, / G N* and 

1. Lu^ , . . . ,Ll!^ some non-constant A-buhhles, i.e non-constant solution of 



2. al. 

3. Xl,. 



-Auj = A(a;, Vw) • Vco on 

. . , a family of converging sequences of points of Bi , 
. . , a family of sequences of positive reals converging all to zero, 
such that, up to a subsequence, 

Uk Moo on Cl;'l{Bi \ {al^, . 

and 



.,aL}) for an?7G [0,1[ 



4=1 







ABi) 



where uj], = {a\ + X],.). 



Previous works establishing energy quantizations for various conformally invariant elliptic Lagrangian 
usually require more regularity on the Lagrangian ( see for instance [Jo], |Pa) , [St] . [DiTj , [LiWa] . [Zhu] V 
For instance in jPaj or [LiWaj the energy quantization for harmonic maps in two dimension is obtained 
through the application of the maximum principle to an ordinary differential inequality satisfied by the 
integration over concentric circles of the angular part of the energy. The application of this procedure 
required an bound on the derivatives of the second fundamental form , see lemma 2.1 of [LiWa] . We 
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insist on the fact that, in comparison to the previously existing energy quantization results, theorem 10.31 
above requires an C'^ bound on the second fundamental form only, which is a weakening of the regularity 
assumption for the target of a magnitude one with respect to derivation. Another application of theo- 
rem 10.31 is the energy quantization for solutions to the prescribed mean curvature system, see corollary 
14.11 assuming only an C*^ bound on the mean curvature. Again, previous energy quantization results were 
assuming uniform bounds on H, see [BeRej and [CaMuj . Theorem 10.31 in the prescribed mean curva- 
ture system corresponds again for this problem to weakening of the regularity assumption for the target 
of a magnitude one with respect to derivation in comparison to previous existing result .This weaker 
assumption moreover are the minimal one in order for the Lagrangian to be continuously differentiable 
and this is why it coincides with the original one appearing in the formulation of the Heinz-Hildebrandt 
regularity conjecture in the 70's. 

In a last part, we present some more applications of the uniform Lorentz-Wente estimates we estab- 
lished in section 2. The first one, for instance, deals with sequences of pseudo holomorphic immersions 
of sequences of closed Riemann surfaces whose corresponding conformal class degenerate in the moduli 
space of the underlying 2-dimensional manifold. In particular we give a new proof of the Gromov's com- 
pactness theorem in all generality, see theorem 15.11 We also give some cohomological condition which 
garanties the energy quantization for sequences of harmonic maps on degenerating surfaces. Finally we 
give a very brief introduction to the quantization of the Willmore surface established recently in [BRj . 
where the uniform Lorentz-Wente estimates of section [5] play a crucial role. 

Acknowledgements: The first author was visiting the Forschungsinstituts fiir Mathematik at E.T.H. 
(Zurich) when this work started, he would like to thank it for its hospitality and the excellent working 
conditions. The two authors would like to thank Francesca Da Lio for her useful comments on the 
manuscript. 

1 Lorentz spaces and standard Wente's inequalities 

Lorentz spaces seems to be the good spaces in order to get precise Wente's inequality, here we recall some 
classical facts about these spaces, [St We] and |Gra| for details. 

Definition 1.1. Let D be a domain ofM.^, p s]l,-|-oo[ and q E [l,+oo]. The Lorentz space LP''^{D) is 
the set of measurable functions /:£)—> R such that 



ll/l 




< +00 if q < +00 



or 




where f**{t) — j Jq f*{s)ds and f* the decreasing rearrangement of f . 

Each L^'' may be seen as a deformation of L^. For instance, we have the strict inclusions 



oo 



if 1 < g' < q" . Moreover, 



LP'P = LP. 



Furthermore, if \D\ is finite, we have that for all q and q' , 

p>p' ^ LP^" C LP'^'i' . 
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Finally, for p e]l, +oo[ and q G [1, +00], Lp-i ^9-1 is the dual of L^''^. 

In the case p,q ~ 2,1 we can give an other definition. Let (/)(A) = \{t e [0, \D\] s.t. f*{t) > A}|, we 
make the change of variable t = (t>{X) in the definition of the Lorentz-norm, which gives 

11/112,1 = 2 r 0-^(A)A0'(A)dA. 

Jsup 1/ 

Hence integrating by part, we get 

r + oo 

||/!|2.i=4/ \{xei}s.t. \fix)\>\}\Ux. (9) 
Jq 

To finish this preliminary, we quickly present the standard Wente's inequalities for elliptic system in 
Jacobian form. Indeed if a and b are in VF^'^ this is clear that a^by — Uybx is in but in fact thanks to 
its structure, it is subject to compensated phenomena and Uxby — Qybx is in the Hardy space which is 
a strict subspace of which as a better behaviour than with respect to Calderon-Zygmund theory, 
since the convolution of a function in 'H"'^ and the Green kernel log(|z|) is in W^'^. This improvement of 
integrability is summarized in the following theorem. 

Lemma 1.1 ( , (El] > ELMS] ) • Let a and b be in W^-'^{Bi). Let cj) e Wq ^Bi) be the solution of 

= Oxby — Oybx on Bi 

Then there exists a constant C independent of cf) such that 

UWo. + ||V(/.||2,i + ||V2,/,||i < C||Va||||V5||2. (10) 

A consequence of the previous theorem was obtain by Bethuel [Betj using a duality argument. 

Lemma 1.2. Let a and b be two measurable functions such that Va G L^'°°(_Bi) and V6 € L^{Bi). Let 
4> G W^o'^(i?i) be the solution of 

= a^by — Oybx on Bi 
Then there exists a constant C independent of cf) such that 

IIV0II2 < C||Va||2,oo||V6|l2. (11) 

Notation: In the following, if we consider a norm with out specified its domains, it is implicitly 
assume that its domain of definition is the one of the function. We denote Bii{p) the ball of radius R 
centered at p and we just denote Bj^ when p — 0. 

2 Wente type lemmas 

In this section we are going to prove some uniform Wente's estimates on annuli whose conformal class is 
a priori not bounded. In fact those estimate were already known for the L°°-norm and the L^-norm of 
the gradient, since it has been proved that the constant is in fact independent of the domain considered, 
see |To| and |Ge) . But this fact is to our knowledge new for the L^'^-norm of the gradient. 

Lemma 2.1. let a,b e W^-^{Bi), < e < ^, and (j) £ Wq'^{Bi \ B^) a solution of 

A</) = ttxby — Oybx on Bi \ B^. 

Then V0 G L^'^(Bi \ B^) and, for all A > 1, there exists a positive constant C(A) independent of e and 
(j) such that 

l|V0|U2,.(B,\B.j <C(A)||Va||2||V&|l2. 
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Proof of lemma \2.1\ 

First we consider a solution of our equation on the whole disk, that is to say e Wq'^{Bi) which 
satisfies 

Aly9 — Uxby — Qybx OU i?l . 

Then thanks to the classical Wente's inequality pUj) . we have 

||</5|U + ||V(^||2,i < C||Va||2||V6||2., (12) 
where C is a positive constant independent of (p. 

Then we set ijj = (jj — tp, which satisfies 

AV' = on Si \ B,, 
ip = on dBi, 
tj} — —Lp on dB^. 

Hence ?/; = ■(/)— ^ J^^ tp da^ 2!r'eln(e) satisfies the hypothesis of the lemma lA.ll then 

||VV^|U2.i(sAs,.) < C{X)\\vip\\2 for ah A > 1. 
Hence, computing the L^-norm of the gradient of the logarithm on Bi \ Bx^, we get that 

l|VV^|U.,i(BAB..)<C(A) I ||V^||2+f / mda) i |. (13) 

But tp is the harmonic on Bi \ B^ and is equal to — </? on the boundary, then 

||V7/;||2 < ||V(^||2 and ||V||oo < ||<y5||co. (14) 

Hence we get that 

/ |V^|da<£C7(A)||Va||2||V6||2, (15) 
which gives, using and (|14l) . that 

l|VV^|U.,i(sAB..) <C(A)||Va||2||V6||2. (16) 
Finally, computing the L^'^-norm of the gradient of the logarithm on Bi \ B\^, we get that 

||Vln|U.a(BAS.J=4V^ln(^)- (17) 
Hence, thanks to dTSl) . ([T5|) and p7|) . we get that 

l|V^|U2,i(BAB..) < C^(A)||Va||2 ||V5||2. (18) 

Then, thanks to ((T^) and (|T5)) . we get the desired estimate. □ 
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Lemma 2.2. let a,b € W^ '^iBi), < e < i, and (j) e W^-'^{Bi \ B^) a solution of 

' — a^hy — Oybj. on Bi \ B^ 

'da ^0, 



\ Job, 



(19) 



(j)da 



dBi 



where K is a constant independent of e. Then, for all < X < I, there exists a positive constant C(A) 
independent of e such that 



Proof of lemma \2.2\ : 

Let u € W^^'^{Bi \ B^) be the solution of 

Au = on Bi \ B,, 

u = (j)on dBi U dB^. 



□ 



Hence ||Vii||2 < ||V(/>||2- Moreover thanks to lemnia lA.2l and lemma l2.1l we have Wu £ L^'^{B\\Bx-i^ 
and V(u -(/)) e L^^^{Bi \ B^-i^) with 

l|Vu|U.,.(B,\B,_,j <C(A)(|lV0|l2 + l) 



l|V(u - <^)|U2a(B.\B,_, J < C(A)||Va||2||V6|h 



which proves lemma [2?2 



□ 



Remark: As in lemma IX^ we cannot control the L^'^-norm of V0 by its i^-norm, as it is shown by the 
following example 



z ^ 



ln{^ 



Lemma 2.3. let a,b e W^''^{Bi), < £ < i and (p e W^-^{Bi \ B^) be a solution of 

A</) = Oxby — aybx on Bi \ B^. 

Moreover, we assume that 

\\(l)\\oo < +00. 

Then, for < A < 1 a positive constant C(A) independent of e and (p such that 

II < ( ||Va||2 IIV6II2 + II0IIOO) . 



(20) 
(21) 

(22) 
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Proof of lemma [ 

We introduce first ip £ Wq'^{Bi \ B^) to be the unique solution to 

Aip = axby ~ aybx on Bi \ B^ 

^ = on dBi U dB,. 
Then thanks to lemma I^TTl we have 

l|V^|U.a(BAB,_,j < C(A) |lVa|l2|lV6|l2, 

where C(A) is a positive constant depending on A but not on cj) and e. 

Then we set ip — (f> — ip, which is harmonic. Thanks to standard estimates on harmonic function, see 
[HaLij for instance, there exists C(A) > a positive constant independent of ip and e such that 

11-011^2, J < C{X)\\ll;\\Lo.(gB,udB,) < C\\4>\\l-^. 

Which proves the desired inequality and lemma 12.31 is proved. □ 

Lemma 2.4. let a,b £ L^{Bi), < e < i, assume that Va e and that V& G L'^{Bi), let 

(j) g i^i,(2,oo)(-5^ \ g solution of 

A(j) = Oxby — ayhx on Bi \ i?^, (23) 
Denote, for e < r < \, 4>o{f) ■= {^nr)^^ J^^ (f>da and assume 

1 

It/^oP r dr <+oo . (24) 
Then, for < A < 1, there exists a positive constant C(A) > independent of e and (j) such that 

+ ||V0||i2,oc(Bj\B^)) . 

Proof of lemmaW^ : 



First we consider p G Wq''^{Bi) to be the solution of 

A(p — a^by ~ aybx on Bi 

If — on dBi 

Then thanks to the generalized Wente's inequality, see we have 

||V(^||2 < C ||Va||2,oo||V6||2 . (26) 

Consider the difference v := (f> — ip~ {(f>o — </3o)j it is an harmonic function on Bi \ B^ which does not have 
0— frequency Fourier modes : 



10 



which imphes in particular that 



dv 

— dcr = for all £ < p < 1. (27) 



Moreover, due to the assumption and due to we have 

||Vu||l2,oc(Bi\b^) < 2||V(p||2 + ||V(?!)o||2 + \\^<I>\\l^--'{Bi\b,) 

< C ( ||Va||2,oo IIV6II2 + ||V</.o||2 + \\V(t>\\L^.^(B^\B._)) ■ 

Let A e]0, 1[, then standard elliptic estimates on harmonic function give that Vp e (A^^e, A) 

l|Vu||L-(9i3^) < C(A) ||Vu||l2.oo(b^_^^\b^^) 

<C(A)p-i (||Va||2,oo||V6|l2 + ||V0o||2 + ||V0|U2,o.(B^\s,)) ■ 
Denote fl^ :— B\ \ B^-^e- We have that 



(28) 



(29) 



I|Vw||l2(j^^) = sup / VvXdz (30) 

{X ; Il-f|ll.2(s7,)<l}-'f^. 

For such an X e L'^{Vl^) we denote X it's extension by in the complement of 51^ in Bi. Let g be the 
solution of _ 

Ag = -divX^ in Bi 

5 = on 
where — (— X2,-'^i)- We easily see that 

\\Vg\\L^B,)<C\\X\\LHB,)<C . (31) 
Poincare lemma gives the existence of / G W^'^{Bi) such that 

X^VJ + V^g . 



and we have 
We have 

We write 



llV/|U2(B,)<|lVg|U2(B,) + |lX|U2(B,)+<C + l . (32) 



■ X dz = f dz + I ^v^^gdz 

/ Vv-V'^gdz= / drV g da — / drvgda 

Jn^ JdBx JdB.^i 



drV (.9 - g\) da - drV [g - g\-i^) da 

dBx Job.-, 



(33) 



where is the tangential derivative along the circles dB\ and dBx-^e ^-nd gx (resp. g\-i) denote the 
average of g on dB\ (resp. B^-i^). 
We have for any p G (0, 1) 
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\9 - gp\ da<C < C || V5II2 < C 

where C is independent of p. Combining (1291) . and give in one hand 

Vv-V^g dz<C{X) \\Vv\\L^.^(^B^\B,) ■ 

In the other hand one using the fact that v is harmonic and satisfies ((27)) we have 

VvVf^l d,v f - f d,v f 



We have for any p e (0,1 
1 



P Job 



d.v if -fx)- d,v if - fx-H) 

OBx JdB.-i^ 



|/-/p|<C||/||^v=os,)<C||V/||2< C 



Combining now together with (|57)) we obtain 



Vw • V/ 



Combining ([35l), ([38]) with dSO]) gives 



< CiX) \\Vv\\l2.^^b,\b^) 



I|Vw||l2(0,) <C(A) ||Vw||i2,oe(B^\B,) 

This inequahty together with ([25)) gives (OSl) and the lemma is proved. 



(34) 



(35) 



(36) 



(37) 



(38) 



(39) 
□ 



3 Angular Energy Quantization for solutions to elliptic systems 
with anti-symmetric potential 

The aim of this section is to prove that the angular part of the gradient of a bounded sequence of solutions 
of an elliptic system with anti-symmetric potential is always quantified. But before starting the proof of 
the quantization, we remind some fact about elliptic systems with antisymmetric potential which have 
intensively studied by the second author |Ri3| . 

Let e L^iBi, so(n) (g) R") we consider u £ iy^'^(i?i, M") a solution of the following equation 

—Au ~ n ■ Vm on Bi. 

One of the fundamental fact about this system is the discover a conservation law using a Coulomb 
gauge for ft when its L^-norm is small enough which is the aim of the following theorem. 

Theorem 3.1 (Theorem 1.4 |Ri3| ) . There exists eo > such that for all ft G L^iBi, so(n)0R^) satisfying 



[ \n\Uz<eo, 

JBi 
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then there exists A e W^'^ n L°°{Bi,Gln{^)) such that 

div{VA -An)^0 

and 

[ {\VA\^ + \VA-^\^)dz + dist{{A,A-^},SOin)) <C [ \n\^ dz, 

J Bi JBi 

where C is a constant independent of^l. 

Then, using this theorem and Poincare's lemma, we get the existence oi B E Af„(R)) such 

that 

div{AVu) = V^B ■ Vu 



and 



|VB|^dz < c / \n\^dz. 

Bi J Bi 



Hence the system is rewrite in Jacobian form and we can use standard Wente's estimates. In particular, 
this permits to prove three fundamental properties of the solutions of this equation which are the e- 
regularity, the energy gap for solution defined on the whole plane and the passage to the weak limit in 
the equation. This properties are summarized in the following theorem. 

Theorem 3.2. jRiS}/ . fRi6}j There exists Eq > and Cq > 0, depending only on q E N* , such that if 
n e so{n) <Si M^) (reps. L'^ (R"^ , so{n) <g) M^) ) satisfies 

then 

1. (e -regularity) If u E W^''^{Bi,W^) satisfies 

- Au = n-Vu on Bi (40) 

then we have the following estimate 

||Vw|| / \ < CJ\Vu\\2 for all q e 

Lil Bi ^ 



2. (Energy gap) If u £ W^^'^{WL^ satisfies 

- Au = n-Wu onR^ (41) 

then it is constant. 

3. (Weak limit property) Let 0^ e lP'{Bi, so{n) 018.^) such that flk weakly converge in I? to Q. and 
Uk a hounded sequence in VK-'^'^(i?i, R") which satisfies 

— Aufe = ilfe • Vufe on Bi. 

Then, there exists a subsequence of Uk which weakly converge in W^''^{Bi,M.") to a solution of 

- Au = n-Vu on Bi. (42) 
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For the convenience of the reader we recall the arguments developed in |Ri3) and |Ri6j to prove 
theorem [ 



Proof of theorem [ 

In order to prove the ^-regularity, let us prove that, for a > 0, we have 

sup p-" / \Au\dz<C\\Vu\\mB,} ■ (43) 

peBi/2,0<p<i "'-Bp(p) 

A classical estimate on Riesz potentials gives 

\x\ 

where XBi/2 is the characteristic function of the ball Bi. Together with injections proved by Adams in 
[Adj . the latter shows that 

for some r > 1. Then bootstrapping this estimate, see lemma IV. 1 of |Ri6] or theorem 1.1 of |ShTo| . we 
get 

l|Vu|U,(B, ) < Cg\\yu\\L2^B,) for all q e N* , 
which will prove the £-regularity. 

In order to prove , we assume that is small enough to apply theorem 13.11 . Hence there exists 
A G W^'^ n G'/„(R)) and B G W^'^ n (Bi, M„(M)) such that 

/ {\\/A\^ + \\/B\^)dz + dist{{A,A-^},SO{n)) <C ( dz. 

JBi JBi 

and 

div{A\'u) = V^B ■ Vu, 

(44) 

curl{AVu) = V-^A ■ Vm. 

Let p G Bi and < p < 5, we proceed by introducing on Bp{p) the linear Hodge decomposition in 
of AWu. Namely, there exist two functions C and D, unique up to additive constants, elements of 
Wq'^{Bp{p)) and W^''^{Bp{p)) respectively, and such that 

AVu^VC + V^D . (45) 

with 

AC = div{AVu) = V^B • Vu 

and 

AL) = -VA • V-^u . 
Wente's lemma [TTT] guarantees that C lies in W^'"^, and moreover 

/ \VC\^dz<ci [ \VB\^dz]([ \Vu\^dz] . (46) 

JB.ip) \Jb,{p) J \JB,ip) J 
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Then, we introduce the decomposition D = cj) + v, with (jj satisfying 

A0 = -VA ■ V^u in Bp{p) 

(47) 

(j) = on dBp{p) , 

and with v being harmonic. Once again, Wente's lemma [TTT] gives us the estimate 

V(t)\^dz<ci [ \VA\^dz]([ \Vu\^dz] . 

Using the fact that /? i-> — /" |Vw|^ dz for any harmonic function, see lemma II. 1 of |Ri6) . We get, 
for any < (5 < 1, that 

Jbs,(p) 

Finally, we have 



Bsp(p) JBpip) 



\VD\^dz < 26^ / iVL'pdz 

Bspip) Jb,(p) 



(48) 

Sp(p) 



Bringing altogether P5|) . pSt . and (^51) produces 

/" \AS/u\^dz <2S^ [ \A\/u\^dz 

Jbsp{p) Jb,{p) 

^ (49) 

+Ceo / iVupdz. 

Using the hypotheses that A and are bounded in it follows from that for all < (5 < 1, 
there holds the estimate 

( iVwpdz <2\\A-^\\^\\A\\^5'^ ( iVupdz 

+Cp-i||oo£o / \Vu\^dz . 
Jb,(p) 

Next, we choose Eq and ^ strictly positive, independent of p et p, and such that 

2||A-i|UI|A|U<5' + C||A-i||oo£o = ^ . 
For this particular choice of (5, we have thus obtained the inequality 



(50) 



Classical results then yield the existence of some constant a > for which 

sup p^" / |VM|^dz<+oo , 

peBi/2(0) , 0<p<i "'-Bp(p) 
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which prove the e-regularity as already remark above. 

Then, the energy gap follows easily remarking that, thanks to the conformal invariance, for all i? > 
and some (7 > 2, we have 

C 

I|Vm||l<!(s^.) < — o:l|Vu||i2(B^). 

^ R 1 

Finally, the weak limit property is a just a special case of theorem 1.5 of |Ri3| which is one of the many 
consequences of theorem 13. II □ 



Then we are in position to prove theorem 10.21 which is the main result of this section once we will 
have established the following lemma. 

Lemma 3.1. There exists 5 > Q such that for all r,R E satisfying 2r < R for all ft E L^{Bf( \ 
Br, so{n) (g) R") and u G W^'^{Br \ B^,M") satisfying 

-Au = n-yu 



sup 



m^dz < s. 



r<p<-§ JB2p\Bp 

Then there exists C > 0, independent of u, r and R, such that 



Vu||^2,cx=(Bh\B,.) - ^ 



-I 1/2 



sup 



(51) 



Proof of lemma WTn 
Let 



sup 



V^uVdz 



r<p<§ JB2p\Bp 

We assume 5 to be smaller than Eq in the epsilon regularity result theorem l3.2l in such a way that for any 
2r < p < R/A one has 



1 



|Vu|*(a;) dx 



< C 



p 



Let A > 0. Let f{x) :— |Vm| in Br \ B2r and f — otherwise, we have that 

=■2 



V/9 > 



f^ix) dx<C 



B2p\Bp 



For any p > denote 

UiX,p) ■.= {xEB2p\Bp ■ fix) > X} . 
With this notation, (1551) implies that 

\U{X,p)\<c'-l. 

p^ 

Let k E Z and j > k we apply (j54p for p :— 2^ X^^ and by summing over j > k one obtains 

00 

A^ I {x e R2 \ S2fcA-i ; fix) > A} I < C ^ 2-2j £^ <C 2-2fe £2 

j=k 



(52) 



(53) 



(54) 
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So we deduce that for any fc e Z 

I {x e . > A} I < C 2-2fc £2 _^ TT 

Taking 2"^^ ~ e we obtain 



iVull / ^ < C 



sup 

r<p<§ JB2p\Bp 



1/2 



(55) 



(56) 



using now the triangular inequahty for the norm L^'°° and the lact that the L^'°° norm of Vm is controled 
by the norm of Vu over respectively Bb, \ Br and B2r \ Br, ((55|) implies ([?T|) and lemma [XTI is proved. 

□ 



Proof of theorem [ 

Let eo > be the one of the theorem 13.11 

Step 1: We reduce the problem to an L^'^ estimate 

Indeed, we use the duality L^^^ — L^'°° in order to infer 





1 du 


2 

dx < 


1 du 


/ 


])d0 


~p'de 



1 du 

~p'de 



L2.~( Br\B2, 



Combining this inequality with (|5ip we obtain 



Br \B2p 



1 du 
~p'd6 



dx <C 



1 du 
~p'd6 



L2 i( Bh\S2, 



sup 

r<p<§JB2p\B_ 



1 1/2 



(57) 



Hence, thanks to duality, it suffices to control the L ' -norm of iff by the norm of Vw in the annulus 
in order to prove the theorem. 

Step 2: We prove the theorem assuming that 

/ \n\^dz<eo. 
Jbr\b, 

We start by extending fl, setting 



il on Bfi \ Br 



on Br 

Hence, thanks to theorem [Q there exists A e W^'^{Bji,Glri{M.)) n L°°{BR,GlniM.)) such that 

diviVA-Ail) =0 

and 

il'^Al'^ + \\/A-^\^)dz + dist{{A,A^\},SO{n)) <C I dz. 



(58) 
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Then, thanks to Poincare's lemma, there exists B £ PF^'^(_Bij;(0), M„(IR)) such that 

VA- Ah = V^B 

and, thanks to and we get 

l|VB|U2(B„.) <q|r!|U2(B,\s.), 

here C is a constant independent of 17. Hence, u satisfies 

-div{AVu) = V^B ■ Vu on B^ \ Br- 



(59) 



We extend u to Bb, by u using the Whitney's extension theorem, see |AdFoj or [Stej for instance, then 
we get u € W^'^^Br) such that 



Bft BbXB-t. 



(60) 



We consider the Hodge decomposition of AVu on Br, i.e there exists C £ WQ'^{Bji) and D € W^''^{Br) 
such that ^ 

AVw^VC + V^D. (61) 

Moreover, thanks to (IMl) . we get 

\\7C\^dz+ f \VD\^dz= f \AVu\^dz<C ( \Vu\^ dz . 

B J B ji 'J B J B ft.\Bj- 

Here we use the fact that C vanishes on the boundary to get that 

/ WC -W^Ddz ^0. 

JBn 

Then, on Br \ Br , C satisfies 

AC = V^S • Vw. 

As usual, we split as follows C = v + (f) where (f) e Wq'^{B]i \ Br) and v € W^''^{Bji \ Br) which satisfy 

Acj) = V-^B ■ Vm 

and 

At; = 0. 

On the one hand, thanks to lemma \TJ\ we get, for < A < 1, that 

l|V^|U2,.(s,\B,_,j < C{X) \\VBh ||Vu||2 . 
On the other hand, we decompose w as a Fourier series, 

v^co+do \og{p) + {cr^p^ + d„p-")e™^ 
since has no logarithm part, we conclude as in lemma IX!2] that for any < A < 1 we have 



p d0 



Idv 
pde 



< C{X) IIVHI 
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The Dirichlet principle implies that 
then we get 

ldC_ 
~p~de 



|Vt;||2 < IIVCII2, 

<C(A) \\^u\\L-2(Bn\B.)- 



Now we estimate D, which satisfies the following equation 

AD^WA- W-^u on Br. 
Then, we also decompose D as D = v + (j) where cf) € Wq^'^IBr) and v G W^''^{Bji). 

and 

Av = 0. 

In the one hand, thanks to lemma [TTTl we have 

IIV0II2 < ||V0||l2,i(s„) < C ||VI||2 ||Vu||2 

< C ||Vu||l2(Sb\b,-)- 
in the other hand, since v is harmonic, for any < A < 1, we have 

||V«|U.,i(B,„) <C(A) \\S/v\\l2^b^) 

< C(A) ||Vi?|U.(B,) 

< C(A) ||Vu||2. 

Finally 

|lVD|U.a(B,„\B,_,J < C(A) |1V«||2. 

Combining ^ and we get 



Finally, using (|55)) . we get that 



rd9 



1 du 
~p'de 



< C{X) \\Vu\\2. 



< C{X) \\Vu\\2, 



which proves, as remark at the hand of step 1, the theorem under the extra assumption. 
Step 3: General case 

We construct two sequences of radii and Ri such that 

r = ro < ri = i?o < • • • < n+i = < • • • < = R 
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with 



and 



\n\^dz < eo 

lB.,\B,Wd^ 



N < 



First, applying of step 2, we get that 

1 du 



pde 



L^'^{BxrAB;^-i^ 



<C(A) W^uW^Bn^B^^) 



(65) 



We chose 6 such that 
hence for all i we have 



5< 



i B, 



\n\^dz < 45 < £o 



lBi^.\B^ 

4 

Let Si — niin(i?,4ri) and Si — max(r, then we apply again ([M)) of step 2 on Bs^ \ Bg-, which gives 

Idu 



pde 



<C{X) \\Vu\\l2(BsM^^) 



(66) 



Finally, summing ([55)1 and (pSI) . for i = to A^, we get 

1 9u 



<C(A) ||Vu||2, 



V'-^{BxR\B..t^ 



which achieves the proof of theorem 10.21 . 



□ 



We shall now make use of the theorem 10.21 in order to prove the quantization of the angular part of 
the energy for solutions to antisymmetric elliptic systems. 

We wil call a bubble a solution u G T4^^'^(M^, M") of the equation 

-Au = • Vu on M^, 

where n e L^^M^ so{n) (g) R^). 
Proof of theorem \0.1\ : 

First we are going to separate Bi in three parts: one where Uk converge to a limit solution, some 
neighborhoods where the energy concentrates and where blow some bubbles and some neck regions which 
join the first two parts. This "bubble-tree" decomposition is by now classical, see [Pa] for instance, hence 
we just sketch briefly how to proceed. 

Step 1 : Find the point of concentration 

Let £o be the one of theorem 13.21 and 6 the one of theorem 10.21 Then, thanks to ([7]) , we easily proved 
that there exists finitely many points a^, . . . , a" where 



\ilk\ dz > £o for all r > 0. 



B{ai,r) 



(67) 
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Moreover, using theorem l3.21 we prove that there exists J7oo G L^{Bi, so(n)(g)M^) and Uoo € W'^'^{Bi,M.") 
a solution of —Am = f2oo • Vu on Bi, such that, up to a subsequence, 

Qk ^oo in Ll^{Bi,so{n)®R'^), 

and 

Wfe ^ on VK/„f (Bi \ {a\ . . . , a"}) for ah p>l. 

Of course, if ||rifc||oo — 0(1) or ilk — 0{Wuk), then is bounded in W'^'°° which gives the convergence 
in Clf^ forall?7e [0,1[. 

Step 2 : Blow-up around a* 

We choose > such that 

B{a\ri) 4 

Then, we define a center of mass of B{a^, r*) with respect to flk in the following way 



Let AJ, be a positive real such that 



IfifeP dz = min 



B{al,r^)\B{al,\l) 



We set Ufc(z) = Ufc(a', + Xlz), n^iz) = A^. 17fc(a»^+ Aj,z) and = 5(4., r^) \ B{al,Xl). 
Observe that the scaling we chose for defining ftk{z) guaranties that 



nk\^dz< / irikl^ dx < C < +O0 



/ |Sifc| az ^ / |S4fc 

JB(0,rVA^) JB{ai,r-) 

moreover we have 

Modulo extraction of a subsequence, we can assume that for each i 

Vuk Vmoo weakly in Lf„^(R^R") hk n^o weakly in Lf„^(R^ so(n) (g) M^) 
The weak limit property of thcorcm l3.2l implics that Uoo and ftoo satisfy what we call a bubble equation 

Step 3 : Iteration 

Two cases have to be considered separatly: 

Either Vlk is subject to some concentration phenomena as (j67p . and then we find some new points of 
concentration and a limiting solution which is a bubble (possibly trivial), in other words a solution of 
—Au = floo ■ Vw, where fioo is a weak limit of flk- In such a case we apply step 2 to our new concentration 
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points. 



Or, Uk converges uniformly on every compact subset to a bubble (possibly trivial). 

Of course this process has to stop, since we are assuming a uniform bound on ||r2fc||2 and each step is 
consuming at least min ^) of energy of flk- This process is sketched in the following picture. 




Figure 1: Decomposition of E 

Analysis of a neck region: 

A neck region is an annuUar region Nl = B (a^, /^^) \ B (a^, A^) such that 

hm ^ = 0, 

^ |fifc|2dz<min(5,^) (68) 

and 

Xk = V^d{al .). 

In order to prove theorem 10.11 we start by proving a weak estimate on the energy of gradient in the neck 
region . First we remark that, for all e > 0, there exists r > such that for all p > such that 



B2p{al)\Bpial)cNl{r) 



where Nl{r) = B {a^ ry^^) \ B (<, ^) , 



we have 



/ \\Iu\^dz<e . (69) 

If this would not be the case there would exist a sequence p\. Q such that, up to a subsequence, 
Wfe = Uki^al; + p\z) converge with respect to every M^^'P— norm to a non-trivial solution of 

-A-u = fioo • Vu on \ {0}, 

where SIqo is a weak limit, up to a subsequence, of Q,k- Using the fact that the W^'^-norva of Uk is 
bounded, we deduce using Schwartz lemma that it has to be in fact a solution on the whole plane. Using 
this time the second part of theorem l3.2l we deduce that fioo have energy at least eo, which contradicts (|68p . 
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Finally, using theorem 10.21 on each Nl{r) , we obtain 

lim lini \\{'Vuk,Xk)\\T2(^i^r^^ < C lim lini sup/ iVwpdz 

= 0. 

Which achieves the proof of theoreni lO.il □ 

This phenomena of quantization of the angular part of the gradient seems to be quite general for 
systems with antisymmetric potentials, in a forthcoming paper [LaRi] we investigate the quantization for 
some fourth order elliptic systems in 4-dimension. 

4 Energy Quantization for critical points to conformally invari- 
ant lagrangians. 

In the present section we are going to use theorem 10.11 in order to prove theorem [ 



In his proof of the Heinz-Hildebrandt's regularity conjecture, the second author prove that the Euler 
Lagrange equations to general conformally invariant lagrangians which are coercive and of quadratic 
growth can be written in the form of an elliptic system with an antisymmetric potential. Precisely we 
have 

Theorem 4.1 (Theorem 1.2 [RiSp . Let N'' be a submanifold o/R™ and to be a 2-form on N'' such 
that the L°° -norm of duj is bounded on . Then every critical point in W^'^{Bi, N'') of the Lagrangian 



I [|Vwp + dz (70) 



F{u) 
satisfies 

-Au = n ■ Vu, 

with 

n) = [A\u),j - AHu),,i] Vu' + ^[H\u),^i ~ W{u),,i] V^u' . (71) 
where A and X are in C°(Bi, Af„,(M) (g> K^) satisfy 

m 

and H J I :— d{TT*uj){ei,ej,ei) where, in a neighborhood of , tt is the orthogonal projection onto and 
{si)i=i---m is the canonical basis ofW"^. □ 

From (|7ip we observe that for critical points to a conformally invariant C"'^— Lagrangian, there exists 

A e C" {TN (g) ^ so{n) (g) ) (72) 

such that 

A{v) = Oi\v\), (73) 
moreover we remark that A(u, Vu) • Vu is always orthogonal to Vu in the following sense 

— ,A(u,Vu) • Vu) = for A: = 1,2. (74) 
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For A G C°[TN (g> M^, so{n) (g) R^), we call a A-bubble a solution tu G ^24(^2^ ^n-^ equation 

-Aw = A{uj, Vw) • Vw on M^. 



Theorem 4.2. Lei Ufe G R") 6e a sequence of critical points of a functional which is conformally 

invariant, which satisfies 

- Aufe = A(Mfc,Vufe) • Vufc, (75) 
where A satisfies ([7^[ j, ([7g[ j and ([74| j- Moreover we assume that Uk has a bounded energy, i.e. 

WVukh < M. 

Then there exists G W^''^{Bi,W^) a solution of —Auoo — A(uoo, Vuqo) • Vuoo on Bi, I G N* and 

1. u!^ , . . . some non-constant A-bubbles 

2. , . . . , a family of converging sequences of points of Bi 



3. X 



a family of sequences of positive reals converging all to zero. 



such that, up to a subsequence, 

Uk ^ u^ on Cl2iBi \ {aL, ■ • ■ , aLl) for all 77 G [0, 1[ 

and 







□ 



where uj], = uj{a\ + X\z) 

Since (fM)) holds for any system issued from a lagrangian of the form ([70]) , it is clear that theorem 10.31 
is a consequence of theorem 14.21 

Proof of theorem 



From the previous section, we have the quantization of the angular part of the gradient. To prove 
theorem 14.21 it suffices then to prove the energy quantization for the radial part of the energy. Since Uk 
satisfies ^ then Uk G W'^^P[B^^{al)) for aU p < 00, see theorem IV.3 of [R16] or lemma 7.1 of |ShTo] . 
hence we can multiply (|75|) by and integrate. Using ([71]) we have, for any r G [0,/!^, 







duk 



{p--—,Q,-\'uk)dz^ / {p^r—,Auk)dz 



dp 



dui 



dp 



Using Pohozaev identity, we get for all r G [0, /xj,,] 

2 



/ 



dUk 



dp 



da 



1 duk 

p de 



da 



Finally, we have 
which concludes the proof of the theorem. 



lim liin ||Vufc||i2(jv.(r)) = 0, 



□ 
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In particular we get the quantization for the solution of the problem of prescribed mean curvature. 
Indeed, an immersion of a Riemann surface S into M"^ with prescribed mean curvature H £ C^{M?^M) 
satisfies the following ff-system 

Au = 2H{u)uxAUy, (76) 
where z = x + iy are some local conformal coordinates on S. 

In order to state precisely our theorem, we define the notion of i/-bubble as being a map uj G 
Vri'2(R2^]g3) satisfying 

Auj = 2H{uj) ujx A ujy on K^. 

We shall also rescale the Riemann surface around a point. To that aim we will introduce some conformal 
chart. Precisely there exists 5 > such that for any a G S and < A < (5 there exists a map ^a.x '■ 
B{a, 6) — >■ which is a conformal-diffeomorphism, sends a to and B{a, A) to B{0, 1). We also associate 
to each point a cut-off function Xa G C°°(S) which satisfies 

r Xa = 1 on Bia, f ) 

1 Xa-0onS\B(a,5) . 

Corollary 4.1. Let Yj he a closed Riemann surface, H G C'^(M'^,R) and Uk e 1^2,1(5]^ r3) a sequence of 
non-constant solution of |y6] j on E then there exists, Uoo € W'^'^{T,,M.^) a solution of 176] ) , fc € N* and 

1. a family of H -bubbles 

2. a\, . . . , a[. a family of converging sequences of point of E 

3. A^ , . . . , A^ a family of sequences of positive reals converging all to zero 



Uk ^ on Cl'^^i^ \ {a^, . . . , an) for all 77 G [0, 1[ 



ana moreover 



i=l 



We end up this section by mentioning a recent work by Da Lio, |DaL] in which energy quantiza- 
tion results for fractional harmonic maps (which are also conformally invariant in some dimension) are 
established using also Lorentz space uniform estimates. 



5 Other applications to pseudo-holomorphic curves, harmonic 
maps and Willmore surfaces 

In this section we give some more applications of the uniform Lorentz- Wente estimates of section 2 to 
problems where the conformal invariance play again a central role. 

In the present section we are interested with Wente's type estimate for first order system of the form 

n 

i=l 
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Taking the divergence of this system gives the classical order 2 Wente system 

n 

A0 = ^ Va, • V^6, (78) 

i=l 

The gain of information provided by a first order system of the form (|77l) in comparison to classical second 
order system (j78p is illustrated by the fact that, in the first order case, no assumption on the behavior 
of the solution (/) at the boundary of the annulus is needed in order to obtain the Lorentz - Wente type 
estimates of section 2. This is proved in lemma [STTl This fact can be applied to geometrically interesting 
situations that we will describe at the end of the present section. 



5.1 Lorentz- Wente type estimates for first order Wente type equations. 

The goal of this subsection is to prove the following lemma. 

Lemma 5.1. Let n G N*, (ai)i<i<„ and (6i)i<i<ri be two families of maps in W^'^{Bi), < e < ^ and 
(j) G W^'^(-Bi \ B^) which satisfies 

n 

V0 = ^a,V^&,. (79) 

i=l 

Then, for < A < 1, there exists a positive constant C(A) independent of 4>,ai and bi such that 

l|V0|U2a(s,\S,_,J < CiX) l|V«d|2 ||Vfe,||2 + ||V</)||2^ . 

□ 

Proof of lemma I5.il ; 

Taking the divergence of (|79p . gives 

n 

Hence, as in the previous lemma, we start by considering a solution of this equation on the whole disk 
and equal to zero on the boundary. Let tp € Wq'^{Bi) be the solution of 

n 

Then, thanks to the improved Wente's inequality (|10l) . we have 

n 

\\^^\\l^-^(b,)<C Y,\\^a^h\\^b,h ■ (80) 

4=1 

We now consider the difference v — (j)— (p, which is an harmonic function on Bi\Bg. Following the proof 
of the lemma it suffices to control the logarithmic part of the decomposition in Fourier series. To 
that aim we set ^ 

I \{p.e)de. 

271- Jo 
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We have 



d<P 1 ['^ d<P If. p dh d0 



Hence 



d(t> 
dp 



< 



p 00 



dO 



Which gives, thanks to Poincare's inequahty on the circle, 



dp 



i=i 



dai 



80 



d0 



p 80 



d0 



where C is a constant independent of 4 
Then integrating over [1,£], we get 





d(t) 




dp 



i=l 



8a, 



80 



d0 



p 80 



d0 dp 



n 



i=l 



1 8ai 
'p~d0 



D(0,1)\B, 



p dpd0 



p 80 



p dpd0 



Moreover, by duahty, we obtain 



djf 



dp 



dp < 



1 

Vip- 
P 



< l|V(p||i2, 



< c||V(^|U2,i. 



The combination of (gOl), (ED) and gives then 



dp<C [Y^W^aM^b^h 



(81) 



(82) 



(83) 



Following the approaches we used in the proofs of the various lemma in section 2, we decompose f; as a 
Fourier series, which gives 



We have 



v{p, 0)=co+ do \n{p) + (c«/o" + d^p ")e'' 
v{p) = Co + do \n{p) 
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Thanks to we get that 



Mol logi <c|^f]||Va,||2 ||V6,||2^ 



(84) 



We have moreover 



\do\ / \{xeBi\B, ; l^r^ >0r/' dt 
Jo 



= \do\ I \{Bi\B,)nByt\"^ dt<^\d^\ I 
Jo Jo 

Thus combining ((84)) and (j85p we have in one hand 



dt 



(85) 



\i=l } 

in the other hand, as in lemma XKHX we have 



= TT |do| 



1 + log 



(86) 



^(c„p"+d„p-")e^"^ 



< C(A)||Vi;||2 < C(A) ||V<^||2. (87) 
Combining ((86)) . (|87)) we have for any A G (0, 1) the existence of a positive constant C(A) > such that 



|V«|U.,i(B,\s,_,,) < C(A) Il^'^^ll^ + IIV0II2 



FinaUy summing ((80)) and ((88p gives the desired inequahty and lemma lOI is proved 



(88) 
□ 



5.2 Quantization of pseudo-holomorphic curves on degenerating Riemann 
surfaces 

We consider a closed Riemann surfaces (S, ft.), where S is smooth compact surface without boundary, and 
h a metric on S. Since we are only interested in the conformal structure of E, we can assume, thanks to 
the uniformization theorem, see [Hub] , that h has constant scalar curvature. We consider (iV, J) to be a 
smooth almost-complex manifold and we look at pseudo-holomorphic curves between (E, K) and (A^, J), 
in other words we consider applications u e iy^'^(E, A^) satisfying 



du . . du 
dx dy 



(89) 



where z = x + iy are some local conformal coordinates on E. These objects are fundamental in symplec- 
tic geometry, see [McDSj . In the study of the moduli space of pseudo-holomorphic curves in an almost 
complex manifold, the compactification question comes naturally. In other words it is of first importance 
to understand and describe how sequences of pseudo-holomorphic curves with possibly degenerating con- 
formal class behave at the limit. 



The so-called Gromov's compactness theorem |Gr) , see also |P W) , [5i] and |Humj , provides an answer 
to this question. 



28 



Theorem 5.1. fG'?f Let {N,J) a compact almost manifold, S a closed surface and (jn) a sequence of 
complex structures on S. Assume Un '■ — >■ {N,J) is a sequence of pseudo-holomorphic curves of 
bounded area with respect to an arbitrary metric on N. Then Un converge weakly to some cusp curwcl 
w : E — >■ {N, J) and there exists finitely many bubbles, holomorphic maps from 5^ into {N,J), 

such that, modulo extraction of a subsequence 



In fact the bound, on the energy is not necessary assuming that the target manifold is symplectic, i.e 
if there is w a closed 2-form on N compatible with J. In deed, in that case, see chapter 2 of |McDS] for 
instance, all u : E — >■ N{J,uj), regular enough, satisfies 



where g = J.), with equality if and only if u is pseudo-holomorphic. Hence, for symplectic manifold, 
pseudo-holomorphic curves are area minimizing in their homology class. In particular, they are minimal 
surfaces, i.e. conformal and harmonic, and we can use the general theory of harmonic maps, see remark 



We propose below a proof of theorem 15.11 that follows the main lines of the most classical one (i.e. 
we shall decompose our curves in thin and thick parts at the limit) but the argument we provide in 
order to prove that there is no energy in the neck and collar regions is new. We don't make use of the 
standard isoperimetric machinery but we simply apply the first order Wente's estimate on annuli given by 
lemma ISTTl which fits in an optimal way the particular structure of the pseudo-holomorphic equation (|89|) . 

Proof of theorem \5.1l 

The proof consists in splitting the surface in several pieces where the sequence converges either strongly 
to a non-constant limiting map or weakly to a constant. Then in a second step, we prove that there is 
in fact no energy in the pieces where the converge is weak. Note that in contrast to the previous section, 
in the present case the complex structure of the surface is not fixed and is a priori free to degenerate. 
Ou aim is to show how lemma 15.11 can be used in this context and therefore we shall be more brief on 
the classical parts such as the limiting Deligne-Mumford thin-thick decomposition which is described for 
instance in [Humj or in jZhuj . Observe that, due to the structure of the equation the e-regularity theorem 
for pseudo-holomorphic curves is a consequence of theorem 13.21 . 

For simplicity, we will also assume that we have a surface of genus g greater or equal to 2. Hence let 
hn be the hyperbolic metric of volume 1 associated to the complex structure j„, 

According to the Deligne-Mumford compactification of Riemann surfaces, see chapter 4 of [Hum] . 
modulo extraction of a subsequence, (E, /i„) converges to an hyperbolic Riemannian (E,/i) surface by 
collapsing p {0 < p < 3g — 3) pairwise disjoint simple closed geodesies (7^). 

Far from the collapsing geodesies, the metric uniformly converges, and we have a classical "bubble- 
tree" decomposition, that is to say m„ converges to a pseudo-holomorphic curves of the (E, h) expect 

*we refer to chapter 5 of |Hum| for precise definitions 




□ 



A{u) 




4.2 of [ZEIj . 
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possibly at finitely many points where, as in the previous section, Un is forming bubbles (i.e pseudo- 
holomorphic curves from C to N) which are "connected" to each other by some neck regions = 

B{a'^,fil^) \ B{a\^, \\^) where the weak L? energy goes to zero, 

linr lim || Vu„||i2,oo(jvi (r)) = 0, 

where N^{r) = B{al^,r^l^) \ B{al^, ^). This can be established by combining the fact that, on such 
annular regions, the maximal energy of Vu,i on dyadic annuli has to vanish (otherwise we would have 
another bubble) and the fact that lemma 13.11 applies to this situation. 



Near the collapsing geodesies, our surface becomes asymptotically isometric to an hyperbolic 
cylinder of the form 

Ai = I z ~ re**^ £ M : 1 < r < e\ arctan {sinh{ — )) < (j) < n — arctan {sinh{ — )) 1 , 



where the geodesic correspond to {re*^ eH:l<r<e'} and the line {r = 1} and {r = e'} are identified 
via z I— >■ e'z. This is the collar region. It is sometimes easier to consider the following cylindrical 
parametrization, i.e. 

Pi = <{t, 9) : ^arctan {sinh{ - )) < t < ^ ( tt - arctan {sinh{ -))] ,0 < 6 <2n 
in this parametrization the constant scalar curvature metric reads 

ds'=( ^ .\,,. ) {dt' + de% 

\2nsin{^)) 

where the geodesic corresponds to {t — ^} and the line {6 = 0} and {6 — 2tt} are identified. 

Then, as the length of the degenerating geodesic, goes to zero, — [0, T„] x up to translation, 
which can be decompose as follows, see proposition 3.1 of |Zhuj . 

For each such a thin part, one can extracts a subsequence such that the following decomposition holds. 
There p G N and exists 2p sequences {a\), (6^), (a^), (fo^J,. . . , (afj, [b^) of positive numbers between 
and T„ such that 

V — fl* 

n— >+oo Tn 

and up to rescaling and identifying ] — o3,+oo[xS'^ with C \ {0}, there exists a bubble (i.e pseudo- 
holomorphic curve from C to N) such that 

^A^u^ onClA<C\{Q)) . 

"■n J 

Moreover, for any e > 0, there exists r > such that for any T e [6^^ + 7-^^,05+^ — r^^\ 

|Vm„|2<£ . (90) 



T,T+l]x5i 

Denotiiig = K^6^] x S\ = [0,ai] x S\ = K,a}+^] x and = K,r„] x and /;(r) = 
[b\ + r ^,0^"''^ — r (j90p combined with lemma [Ql implies 

lim lim || Vw„||L2,<»(/i (^j) = . (91) 
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Neck regions 







Bubbles 

Figure 2: Decomposition in necks and bubbles 




This decomposition is illustrated by the following picture. 

As in the previous section, in order to prove that there is no energy at the limit in the neck regions 
of the thin parts, we combine the vanishing of the norm given by (|9ip with a uniform estimate 

on the L^'^ norm of |Vu"| on each /^(r), which is a direct consequence of the lemma [5TT] applied to the 
pseudo-holomorphic equation 

Vu„ = J(u„)V^u„ . 

This concludes the proof of theorem 15. II □ 

Remark 5.1. Here again, in addition to the fact that our argument is not specific to J -holomorphic 
curves, our proof, in comparison with previous ones such as the one given in (Zhu^ . has the advantage 
to require less regularity on the target manifold N . In fact, following the approach of WaV or jLiWal, in 
order to establish the angular energy quantization, M.Zhu goes through a lower estimate of the following 
second derivative 

4/ M'do 

dO^ Js^x{t} 

Such an estimate requires for the metric of N to be at least . In the alternative proof we are providing, 
in order to apply lemma [K7[ we only require the almost complex structure and the compatible metric to 
be which corresponds to a weakening of the assumption of magnitude 1 in the derivative. 



5.3 Quantification for harmonic maps on a degenerating surfaces, a coho- 
moligical condition. 

The aim of this section is to shed a new light on the quantization for harmonic maps on a degenerating 
surfaces, which has been fully described by M.Zhu in jZhuj . 

The main result in the present subsection is the following results which connects energy quantization 
for harmonic maps into spheres with a cohomological condition. 

Theorem 5.2. Let (E,/i„) be a sequence of closed Riemann surfaces equipped with their constant scalar 
curvature metric with volume 1. Let Un be a sequence of harmonic maps from (E, into the unit sphere 
gm-i qJ iiig euclidian space ]R'". Assume 

lim sup i?(zi„) < +00 

n— >+oo 
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and assume that the following closed forms 



Vi, j = 1 • • • m ★ d< - < du^) 

are all exact. Then the energy quantization holds : modulo extraction of a subsequence, on each component 
of the limiting thick part, u„ converges strongly, away from the punctures, to some limiting harmonic 
map u and there exists finitely many bubbles, holomorphic maps from S"^ into (N, J), - forming 

possibly both on the thick and the thin parts - such that, modulo extraction of a subsequence 

I 

lim E(un) = E(u) + V E(uj') . (92) 

1=1 

□ 

Proof of theorem 1 5. Si ' 

In fact, assuming that our sequence of harmonic maps u„ get valued into a sphere S"™, the equation 
simply write 

= «V(u„)j - (u„)jVO V<. 

But div (u^V(u„)j — Vu^) = = d{*Un A dun)- Hence assuming that the closed A^R™ valued 
1-form -k{un A dun) is exact , there exists 6„ S W^'"^ such that 

-k{Un A dUn) = dbn, 

and 

=0(||u„||h/i,2). 

Then we have 

diviVun — V''"&„ Un) = 0. 
If we are on a neck region such as Bi \ D{0, En), it can be integrated as 

Vu„ = V-L6„ Un + V-^Cn + dnVLog{p), (93) 

where c„ G W^'^{Bi) and dn G M. Then we try to control the gradient of the logarithmic part, remarking 
that 

^ r Aft r^dbn ,„ „ dn 

— Undo ^ - — — Uk d& + 2n — 
dp Jo Jq P oB p 



r^9bn dn 



where u'^ is the mean value of w„ over dBp. Integrating the previous identity from e„ to an arbitrary p 
gives 



[ [\^ ("fc - O dO dt + 27r Log . (94) 

And, thanks to Poincare's inequality, we get 

< I1V6„|12||V?/„||2. (95) 
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Then, combining and ([55]) . we finally obtain that 




Which implies, as in the proof of lemma that the L^'^-norm of drJ^ Log{p) in i3i\£'(0, £„) is uniformly 
bounded. By the mean of lemma [01 and thanks to (|93l) . we see that he L^'^-norm of V(m„ — dnLog{p)) 
is also uniformly bounded and these two uniform bounds imply the uniform L^'^ bound of Vu„ in neck 
regions. Combining the uniform L^'^ bound of Vu„ in neck regions together with the lemma [XT] gives 
the desired energy quantization ([M)) and theorem 15.21 is proved. □ 



More generally we can raise the following question : Considering a sequence of harmonic maps 
from a degenerating surface to a general target manifolds, is there is a simple cohomological 
condition similar as the one in theorem 15.21 ensuring the quantization of the energy in collar 
region? 



5.4 Energy Quantization for Willmore Surfaces. 

Finally we would like to recall a last application of lemma 15.11 that has been used in a recent work by 
Y.Bernard and T. Riviere in |BR1 for proving Energy Quantization for sequences of Willmore surfaces 
with uniformly bounded energy and non-degenrating conformal classes. The problem can be described 
as follows : for a sufficiently smooth immersion u : S ^ K™, where E is a closed two dimensional 
Riemannian surface, we can define its mean curvature vector H and we consider the following functional 



Wiu)^ / \H\'u*idy). 

where u*{dy) denotes the metric induced on S by the immersion u. This functional is called, the Willmore 
functional and is known to be conformally invariant (see |Ri6) ) . Critical points to the functional W are 
called Willmore immersions or Willmore surfaces. Hence as for harmonic maps or pseudo holomorphic 
curves the question of the quantization of sequences of Willmore surfaces arise naturally. The second 
author has developed appropriate tools to study weak critical points to W in [Ri4] and jRi5| and proved 
the epsilon-regularity for these weak critical points. Using in particular lemma [5TT] the following energy 
quantization has been established 

Theorem 5.3. /Si?/ Let m„ he a sequence of Willmore immersions of a closed surface S. Assume that 

limsupVK(u„) < +00 

n— )-+oo 

that the conformal class o/it*(^Rm) remains within a compact subdomain of the moduli space ofT,. Then, 
modulo extraction of a subsequence, the following energy identity holds 

L K 

lim VKK) = W{u^) + V W{u:i) + V(VK(l]fc) - 4^0,-) 

n— )-+oo ^ — ^ ^ — ^ 

1=1 k=l 

where u^o is a possibly branched smooth Willmore immersion of S . The maps lji and fife are smooth , 
possibly branched, Willmore immersions of and 6k is the integer density of the current (i7fc),(S'^) at 
some point pk G £7^(5^), namely 

n\Br{p)nnk{s^)) 

Ok = hm . 

p-s-o 7rp^ 
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A Lorentz Estimates on Harmonic Functions. 

Here we prove two lemmas on harmonic which insure that we can control the L^'^-norm by the on a 
smaller domain up to some appropriate boundary condition. 

Lemma A.l. Let < e < ^ and / : _Bi \ — > M an harmonic function which satisfies 

/ = on dBi, 

fda^O. ^''^ 



□ 



Then, for all A > 1, there exists positive a constant C(A) independent of s and f such that 

I|V/||l2.i(bas..) <C(A)||V/||2. 

Proof of lemma \A.1\ : 

We start by decomposing / as a Fourier series, which gives 

f{p, e)^Co+ do Hp) + (CnP" + dnP"")e'"'. 

neZ* 

Hence, using (l96l) . we easily proved that cq = do = c„ + = 0, then we get 

f{p,0)^ ^ c„(p" - p-")e™^. 

nez* 

Then we estimate the gradient as follows 

|V/(p,0)|<2 5] |nc„|(p"-i+p— 1). 

Then, we estimate the L^'-'^-norm of the fm{z) = \z\"^ on Bi \ B\^, for m e Z\ {—1} and A e]l, 2], which 
gives 



/■(Ae)'" 

II/™||l^.i(bab..) < ^ / t- dt< 20F(A£)'"+i for m < -1 
Jo 

and 

||/m||L2.i(Bi\s^,) < %/7r for m > 0. 
Here we use the following characterization Hence we get 

iiv/iu.a(BAB..) < ( E ((^^)'" + 1) + E ((^^)" + 1) ) 

\n>0 n<0 / 

Hence, thanks to the Cauchy-Scharwz and the fact that A > 1, wc get 



(97) 
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Finally we compute the L^-norm of V/ 

IIV/II2- \ 2n fj2 
which achieves the proof of lemma lA.ll 



\nCn\'{p'--' + p-'-')pdp\ > J| ^|n||c„| 



2^-2|ji 



□ 



Lemma A. 2. let < e < ^ and / : i?i \ i?^ — > K. an harmonic function which satisfies 



fda = 0, 



fda 



dBi 



(98) 



where K is a constant independent of e. Then, for all Q < \ < 1 there exists positive constant C(A) 
independent of e and f such that 



l|V/|U.,i(BAB,_,J <C(A)(||V/||2 + 1). 



□ 



Proof of lemma \A.S\ : 

We start by decomposing / as a Fourier series, which gives 

/(p, 0) = Co + do ln(p) + (^"Z^" + ^P'^'y 



Hence, using (l98t . we easily proved that cq + do ln{e) ~ and |co| = 0(1). Hence 

-1 



do = 



ln{£) 



(99) 



Then we estimate the gradient as follows 

|V/(p,0)|<|do|-+ E 



nc„|p 



\ndn\p 



Then, we estimate the L^'^-norm of the fra{z) — |z|™ on B\ \ Bx-i^, for m e Z \ {—1} and < A < 1, 
which gives 

\\fmh,i <V^ t- dt< 2V^(A-i£)'"+i for m < -1 

||/m||2,i < V^A" forTO> 0, (100) 
and 

||/-i||2,i = 0(-log(e)). 
Here we use the following characterization Thanks to dHH]) and (jlOOp . we get 

l|V/|U2,i(B^\B,_ij < 2v^ [Y. (l"c„|A" + |nd„|(A-ie)-") + ^ (|nc„|(A-i£)" + |nd„|A-") J 

\ri>0 n<0 J 

+ 0(1). 
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Hence, thanks to the Cauchy-Scharwz and the fact that < A < 1, we get 

\n^0 J \n<0 n>0 

+ 0(1). 

Finally we compute the L^-norm of V/ 

llV/||2 = Mo| {1'-/P)'+ ^^j'Y.^{\nc„\'p''''-' + \nd,,\^p-^^-^) pdp 

^ yi ( E 1^1 + + E i"i d-^"!' + M-»n2"" ) 

' \n<0 n>0 ) 

which achieves the proof of lemma IA.2I □ 
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